Quantum defect theory can be used to convert energy shifts of hadronic atoms into zero-energy scattering lengths (and vice versa). The scattering lengths from quantum defect theory are in good agreement with those derived using all-order Deser-Trueman formulae (evaluated by the simple expedient of evaluating the left-hand side of the effective range expansion exactly). Scattering lengths derived from experimental energy shifts are presented for a number of hadronic atoms.
Introduction
Hadronic atoms lie at the interface between atomic, nuclear and particle physics. The spectra of these atoms are very similar to that of a hydrogenic atom since the dominant interaction is the electromagnetic interaction. However, the energies of these atoms are often perturbed by nuclear forces. Although the strong interactions are only present at a distance scale similar to that of the hadron or nuclear radius, the relatively compact size of most hadronic atoms leads to an energy shift which is large enough to be measured [1] . These energy shifts can be utilized to yield information about the nature of the strong interaction at relatively low energies. If the energy shift can be measured with sufficient precision then it is likely that it could be used to place very tight constraints on available models of the strong interaction [2] .
It is well known that knowledge of the parameters (positions and widths) of the energy levels of the exotic atoms is sufficient to obtain information about the low-energy behaviour of the scattering amplitude. The first expression, linking the position and width of an energy level of an exotic atom to the scattering length was established by Deser [3] . The equation of Deser is
In this equation, E c n is the energy of a hydrogenic atom (with appropriate mass scaling) given by
The complete neglect of the Coulomb interaction is of course a rather drastic approximation. A more general formulae, taking into consideration Coulomb scattering was derived by Trueman in 1961 [4] . The Deser-Trueman formula represents the quantity on the left-hand side of equation (1) as an expansion in powers of parameters x = a s /B 2l+1 and y = r e /B 2l+1 , where a s is the Coulomb-corrected scattering length and r e is the effective range,
α n,l and β n,l are coefficients which can be expressed in terms of known elementary and special functions. The first two terms of the Trueman expansion contain only the x variable (i.e. the scattering length). The y variable (effective range) first appears in the third order of this expansion. These formulae have usually been used to obtain reasonable estimates of the scattering length, and also the low-energy scattering cross section. However, planned experiments for DEAR [5] aim to produce energy shift data for K − -p and K − -d with an accuracy of better than 1%. The π − -p and π − -d systems are an example of a hadronic system for which highaccuracy data already exists [6] [7] [8] . Scattering lengths derived from these data are being used in analyses aimed at determining the pion-nucleon coupling constant to high precision [9] . Also the development of the anti-proton decelerator at CERN could eventually lead to data for antiprotonic atoms of greatly improved quality. However, the Deser-Trueman formula is a power series in a s /B, and could therefore be problematic to apply in situations where the scattering length is of a similar size to the Bohr radius. For these reasons it is desirable to reassess the manner in which energy shift information is related to cross section data. It is warranted to devote a good deal of attention to this topic since the determination of the properties of the strong interaction is one of the fundamental goals of nuclear physics.
The physical situation encountered in hadronic atoms is that of a short-range interaction superimposed upon the Coulomb field. This is a typical problem that is often encountered in atomic physics, with the most prominent example being the description of the spectra of alkali-like atoms. It is known [10, 11] that the low-lying spectrum of an alkali atom or ion with a residual core charge of Z can be described to a good approximation by the modified Rydberg formula
The factor µ l is the quantum defect and is known to depend weakly on n. Equation (3) is written in a system of modified atomic units in whichh = 1, e = 1 and M = 1 (where M is the reduced mass of the system). In this system the unit of length is a 0 /M (a 0 is the hydrogen Bohr radius), the unit of energy is Me 4 /h 2 = M/m e Hartree (m e is the mass of an electron) and the unit of velocity is e 2 /h. (The Hartree is defined to be twice the energy of the infinitemass hydrogen atom.) Unless otherwise stated this system of units will be used throughout the paper. The quantum defect takes into account the interaction of the valence electron with the core of the atom. From this observation, a very powerful approach, namely quantum defect theory [12, 13] has been developed and applied to a very wide variety of atomic phenomena.
The central idea of quantum defect theory (QDT) is that a relatively small number of quantum defect parameters can be used to describe the net effect that the interior region of an atom or ion has on the valence electron. Detailed knowledge of the dynamics in the interior region (which can be very complicated) is not needed for application of quantum defect theory. Since a detailed understanding of the interior dynamics is not necessary, it is sensible to apply the techniques to the analysis of hadronic atoms. Indeed, the structure of hadronic atoms would make them almost ideal candidates for the application of QDT. One common method of introducing the basic equations of QDT is to apply it to the situation of a square well potential superimposed upon the Coulomb interaction [12, 13] . This is a good analogue of the typical hadronic atom.
The aim of the present paper is to apply QDT in its simplest form to the conversion of energy shift data into scattering parameters, and specifically to describe how to convert the energy level shift into a scattering length.
Synopsis of the Deser-Trueman formulae
The Deser-Trueman formulae is something of a misnomer. While the formulae developed by Trueman [4] reduce to the Deser formula at lowest order, the theoretical development used by Trueman is completely different (and much more sophisticated) than the approach used by Deser. In this section, the approach of Trueman will be described and an alternative method of application will be discussed.
The starting point of the Trueman formulae is the effective range expansion for a charged particle in a Coulomb field [15] . The expansion for the analytic function
where k is the centre-of-mass momentum, η = −Z/k and C l (η) and h l (η) are known functions
with
and (x) is the digamma function. Equation (4) is equivalent to equation (55) in chapter 3 of Mott and Massey [16] . The Trueman formulae were developed by setting cot(δ) = i, which is the condition of the presence of a bound state for a given (complex) value of k. The problem reduces to the solution of the equation
for the complex roots k n with the imaginary part chosen to be positive. Once the condition for the bound state is applied, the energy shift is expanded as
where λ is a parameter that is closely related to the quantum defect (Trueman did not identify λ as a quantum defect). This was then used to solve equation (8) for λ by iteration and the following energy shift formula for S-states was obtained:
Details of the Trueman formulae for non-zero angular momentum and for higher-order terms can be found elsewhere [4] . The original purpose of the Trueman formula was to obtain the energy shifts given knowledge of the low-energy scattering parameters. It has also been applied to the calculation of the scattering length from the energy shift [26] . For this application, the Trueman formulae is not ideal since a quadratic polynomial in a s has to be solved when second-order terms are included.
The use of the power-series Trueman formulae for the determination of the scattering length from the energy shift can be made redundant very easily. All the terms in the middle expression of equation (4) can be computed, provided the energy of the state is known explicitly. At the time the Trueman formula was derived, access to computers and good-quality algorithms to evaluate special functions was limited. However, at the present time, the direct evaluation of the left-hand side of equation (4) is relatively straightforward. Therefore, the development of a power-series expansion in a s /B would seem to be an obsolete way to tackle this problem. The simpler approach of computing the values of the analytic function M l (k 2 ) directly, and using these to derive the coefficients of the effective range expansion (4) is entirely feasible. The application of such a direct approach might sensibly be called the all-order Trueman formula.
The direct approach can also be applied to the determination of the energy shifts from the scattering length. Equation (8) is just a complex nonlinear equation and therefore the energy shifts (and thus the quantum defects) can be determined by solving a 2 × 2 set of nonlinear equations by standard numerical techniques.
Later in this paper, a power-series expansion for the solution of equation (8) is developed to more fully expose the relationship of the Trueman approach to quantum defect theory.
Single-channel quantum defect formalism
Below, a few basic facts forming the foundation of the single-channel quantum defect approach [12, 13] are recalled. Consider the motion of a particle in a potential U(r), which for some r > r 0 is central symmetric and is described by the Coulomb potential −Z/r. Inside the sphere r < r 0 , the potential may contain short-range contributions (either real or imaginary if an attempt to describe absorption effects by introducing a complex optical potential is made). Thus, for a given energy E and orbital momentum l in the outer region r > r 0 the radial part R(E, l, r) of the wavefunction is a linear combination of regular F (E, l, r) and irregular G(E, l, r) solutions of the radial Schrödinger equation in the presence of the Coulomb potential:
The coefficient β l in this equation can be determined from the detailed solution of the Schrödinger equation in the region r < r 0 and is considered as a parameter in the quantum defect method. It is known for small E that both F (E, l, r) and G(E, l, r) change relatively slowly as the energy changes. Therefore, the coefficient β l in equation (11) changes slowly for small absolute values of E, i.e. in the vicinity of the threshold. If the wavefunction in equation (11) is to represent a bound state, then the requirement that R(E, l, r) → ∞ as r → ∞ and known asymptotic properties [14] of the solutions F (E, l, r) and G(E, l, r) yield the quantization condition
where ν = −Z 2 /2E = n − µ. Usually, in the quantum defect approach, another parameter
is introduced. The value of µ l is related to the energy by the generalized Rydberg formula, equation (3) . In a remarkable result, Seaton [13, 17, 18] found that the limiting value of the quantum defect, µ l (E) as E → 0 from below can be related to the zero-energy phase shift, i.e.
The phase shift in equation (14) is of course the short-range phase shift that needs to be added to the Coulomb phase shift when the scattering amplitude is constructed. Since µ l (E) is a slowly varying function of energy in the vicinity of E = 0, knowledge of the quantum defect µ l (E) for the bound states permits the determination of low-energy behaviour of the phase shifts and the scattering length. This theorem of Seaton is true for both real and imaginary potentials [18, 19] . In the case of a potential with both real and imaginary parts, the complex energy is written as
where µ l is now a complex number. The quantum defect for any level is trivially obtained by inverting equation (15) . For energy shifts and widths, the following approximation formula
valid when the energy shift and width are small, is useful for getting quick estimates of the quantum defects and also giving an idea of how the energy shifts and widths should scale with increasing n. The quantum defect of the nth level µ l (E n ) can be represented as the following asymptotic series in powers of n −2 [13] :
This asymptotic expansion serves as a starting point for different extrapolation schemes designed to give reasonable estimates of the zero-energy defect, µ l (0) once µ l (E n ) is known for several levels [10, 13, 21] .
Once the zero-energy defect (and zero-energy phase shift) is known, the scattering length, a s , is easily computed from [15] ,
Although precise application of quantum defect theory requires knowledge of the energy shifts for several levels, it is often possible to obtain a reasonable estimate of the zero-energy defect from a single level. For instance, the quantum defects often depend weakly upon energy for the case of a very short-range interaction superimposed upon the Coulomb interaction.
The remarks in the previous paragraph need to be qualified for states with l = 0. For these states the normalizing factor of the hydrogenic wavefunctions leads to significant variations in µ l (E) as a function of energy. However, it is possible to multiply the quantum defect by a scaling factor so that the resultant product changes slowly with energy.
In the next section, a perturbation series expansion is used to derive formulae for the quantum defects µ l (0) and µ (1) l in terms of moments of the interaction. The purpose of this derivation is to discuss the factors that lead to the energy dependence of the quantum defects under the simplest possible framework.
Perturbation theory treatment of quantum defect for a very short-range interaction
Suppose that the Coulomb level with quantum numbers n, l is perturbed by the short-range interaction U(r). The first-order correction to the Coulomb value of the energy level is given by the integral
where R nl is the radial Coulomb wavefunction. It is clear, that for very short-range interactions it is the region of small r which contributes mostly to this integral. Proceeding in the spirit of the saddle-point method, an asymptotic expansion for E 1 can be obtained if the known expansion of the Coulomb radial wavefunctions [22] is used for the Coulomb wavefunction
where
is the normalization constant of the Coulomb radial functions. Substituting into (19) and integrating the series term by term yields a series for the first-order correction E 1 , namely
where the first few c k are
The coefficients I k in equation (22) are the moments of the short-range interaction
The asymptotic sign on the left-hand side of (22) is to emphasize that, as in usual applications of the saddle-point method, the series obtained as a result of the above procedure can be expected to be only an asymptotic expansion for r 0 → 0, with r 0 the radius of the short-range interaction. The functional form of the moments I k depends upon the details of the short-range interaction. However, some general observations may be made provided the interaction is finite at the origin and goes to zero sufficiently rapidly as r → ∞. When this is true, I k → 0 as r 0 → 0 and I k+1 = O(r 0 I k ). In addition, the estimate I 2l+k ∼ r 2l+3+k 0 can also be made. As an example, consider U = U 0 e −br , which can serve as a model short-range potential when b is sufficiently large. The radius of the short-range interaction in this example can be identified with the quantity 1/b. Equations (22) and (23) yield for Z = 1
The energy shift
. Equation (22) is only an expansion for the first-order correction to the energy. Before drawing any general conclusions about the energy shift it is necessary to discuss how this expansion is influenced by the higher-order terms of the perturbation expansion. The contribution of the second-order term of the perturbation expansion will contain two matrix elements of the type (19) . Therefore, when r 0 → 0 its dependence upon the radius of the short-range interaction will be governed by the factor I 2 0 . Therefore, the contribution of the second-order term to the energy shift will be of order r 4l+2k+6 0 . Second-order terms do not have to be included in the asymptotic expansion equation (22) as long as r 4l+2k+6 0 /I 2l+k → 0 when r 0 → 0. This suggests that the first three terms (irrespective of the value of l) can be retained in equation (22) . The resulting expression for the energy shift reads
Using the power-series expansion of the quantum defects
equations (3) and (25) imply that the quantum defect of the (n, l) state is
Assuming now that n is large, and performing a 1/n expansion of the leading terms of equation (27) , the two leading terms in equation (17) are
Formulae ( 
This variation in the quantum defect arises purely as a result of n-and l-dependent factors in the definition of the normalization constant. This relation leads to the following approximation (the terms n −4 and r 2 0 being neglected) connecting the quantum defect µ nl (E n ) for the level (n, l) and its threshold value µ nl (0):
This formula is important for determining the threshold value, µ l (0) for series with l > 0. The correction factors for the low-lying levels (i.e those for which hadronic energy shift data exist) are quite large. For example, the correction factor of the 2p level is functions in powers of 1/n. Retaining the explicit form of the normalization formula and not performing the 1/n expansion gives
It is noted that analogous terms to equation (32) also occur in the Deser-Trueman expansion for l 1. For the P states equations (31) and (32) give virtually identical results. However, equation (32) should be used for states with higher l since no 1/n expansions of the normalization constant were made in its derivation. This influence of the normalization constant upon the quantum defect is also manifest in calculations of the x-ray widths for hadronic atoms [23, 24] .
Another interesting feature of equations (28) and (29) is that states with angular momentum differing by l = 1 have quantum defect coefficients sharing the same moment. For example, the expression for the coefficients µ (0) l , µ (1) l in equations (28) and (29) contain the moment I 2 , which is the leading moment in the expansion of the quantum defect coefficients for l = 1. Therefore, measurement of the energy shift for the 2p state can give information about the first energy-dependent term in the quantum defect expansion equation (17), for the Rydberg series with l = 0.
Relation with the Trueman formulae
In this section a power-series solution of equation (8) is developed. This will show more clearly the relationship with quantum defect theory. It can be shown that equation (8) allows solutions k n ,
where, µ(n) is the quantum defect and can be written as a power series in inverse powers of n 2 . When equation (33) is substituted into the left-hand side of equation (8), and equation (17) is used to expand this in powers of n −1 , all the defect coefficients can, in principle, be expressed in terms of the coefficients of the effective range expansion (8) . The general expressions for arbitrary coefficients quickly become very complicated, so explicit expressions are only given for µ 
and
These equations have been obtained without the use of perturbation theory. However, the use of perturbation theory is justified when the scattering length parameter a s is small. Equation (37) then reveals that the ratio µ (0)
1 ≈ −1 when a s is small. This ratio is insensitive to any details of the short-range interaction and in agreement with equation (30) which was established by perturbation theory.
Numerical results
Before presenting any tabular information regarding the conversion of energy shifts into phase shifts, a short discussion about the conventions used in the conversion is necessary. There are a number of conventions when it comes to the sign of the energy shift, and in the specification of the scattering length in terms of scattering length.
The imaginary part of the energy is always set so that the energy of the state lies below the real axis. With this convention, the imaginary part of the quantum defect is positive, and the imaginary part of the zero-energy phase shift is also positive. The imaginary part of the scattering length is always negative.
The real part of the energy shift is defined to be positive for attractive interactions, i.e. those that lead to an increase in the magnitude of the binding energy. With an attractive potential, the real part of the quantum defects are positive as is the real part of the absolute (not modulo-π ) phase shift. The real part of the scattering length will then be negative.
The S-and P-wave scattering lengths were computed from the zero-energy phase shifts using equation (18) . This definition is a factor of nine times larger than the definition of Carbonell et al [26] for the P-wave scattering volume.
The protonium energy shifts of Carbonell et al [25] were used to illustrate the conversion of energy shifts in quantum defects. The energy shifts used were taken from the coupled channels DR2 model of [25] and take into account mixing of the pp and nn channels. The l = 1 quantum defects (no resealing is required for the l = 0 defects) were converted into zero-energy quantum defects using equation (32) . The l = 0 quantum defects show very small variations with n and suggest that the 1s energy shift can be used to give a reasonable estimate of the zero-energy defect. The influence of the normalizing constant upon the zero-energy quantum defect for the P states is easily seen. The normalization constant rescales the defect for the 2p state upward by 33% and the 3p defect upward by 11%. There is very little variation in the zero-energy defects after the resealing is done. A reasonable summary of table 1 is that there is no discernible variation of the zero-energy quantum defect with n when the precision of the input energy shift data is taken into consideration. Table 2 reports scattering lengths derived from the energy shifts data of Carbonell et al [25] . Three methods are used to compute the scattering length. First, the simple first-order DeserTrueman formula (1) is used. Second, the all-order Trueman scattering length, obtained by substituting the complex energy shift directly into equation (4) is also computed. Although Carbonell et al [26] have used a Deser-Trueman formula to compute scattering lengths from their energy shifts, their results are not cited here since they were obtained with a second-order formula. Finally, the quantum defect approximation is used. Equation (3) was inverted to compute the quantum defect from the energy shift, then equation (32) was used to compute the zero-energy defect; the zero-energy defect was related to the zero-energy phase shift with equation (14), and finally the scattering length computed using equation (18) . The most notable feature of this table is the very good agreement between the all-order Trueman formula and the quantum defect approach. The real part of the scattering length for these approaches agrees to 0.05% or better for all the levels in the table. Agreement for the imaginary part of a s is not quite as good, but is still generally at the 0.1% level or better.
The first-order Deser-Trueman formula, does not agree with the higher-order formulae with the same degree of precision for the S states. The imaginary part of the scattering length Table 1 . Energy shift, halfwidths and quantum defects derived from coupled-channel calculations of the protonium atom. They were derived from the DR2 model of [25] , taking into account mixing of the pp and nn channels. The zero-energy defects for P states were obtained by rescaling the finite-energy quantum defect by the approximate normalization correction as described in the text. The notation a b is used to represent a × 10 b .
Level in particular is 5-10% different. For the P wave, all three formulae give essentially identical results. This is not surprising since the quantum defects for these states are very small, being of the order of 10 −5 or smaller. In table 3, the quantum defect approach is used to calculate scattering lengths for some experimental energy shift data recently collected for hadronic atoms [6] [7] [8] [27] [28] [29] [30] . The quantum defect of the particular level (not the extrapolated zero-energy defect) and the scattering length (in fermi) predicted from equations (3), (32) , (14) and (18) for a number of hadronic systems is given. The derived scattering lengths were also computed using the all-order Trueman formula. The all-order Trueman scattering lengths were not tabulated since they were identical to all quoted digits with the scattering lengths from the quantum defect approach. The results for the K − -p system give an example of the size of the correction with respect to the first-order formula. The quantum defect approach gives a real scattering length that is about 1.5% smaller than the first-order result.
One qualification about the quantum defects that have been presented in the tables must be made. Most of the energy shifts that have been presented already have corrections that take into account the finite size of the nucleus and other effects. However, quantum-defect [27] . b [28] . c [29] . d [6] . e [8] . f [30] . g Estimation based on the first-order Deser-Trueman formula (22) .
theory is formulated with respect to a point nuclear charge. The extent that subtraction of these other effects prior to doing the defect analysis can cast doubt on any conclusions depends on the size of the corrections. However, this subtraction of mundane corrections prior to the analysis could just as easily lead to errors in the answers computed using a Deser-Trueman approach, so the quantum-defect approach is no more susceptible to error in this respect than the Deser-Trueman approach. Besides this quantitative work, the ideas of quantum defect theory can also be applied to the analysis of trends across a Rydberg series. For example, Sandner et al [31] have performed coupled-channel calculations for pionium that resulted in the unusual result that the annihilation width scaled almost perfectly as 1/n 2 , and not as 1/n 3 as indicated in equation (16) . This implies an energy dependence for the complex part of the quantum defect that is proportional to n and therefore the quantum defect would diverge at the E = 0 threshold in contradiction to the effective range expansion equation (4) . The physics leading to this effect could be very interesting (it implies an absorbing potential proportional to 1/r) and worthy of intense study. An alternative view would be that the calculations in [31] are wrong.
Discussion and conclusion
This work has shown that quantum defect theory can be applied to the conversion of energy shift data into low-energy scattering parameters in a model-independent manner and yield results that agree with the conventional approaches using the Deser-Trueman formula. It is somewhat surprising that researchers studying hadronic atoms seem to be unaware of the existence of quantum defect theory. For example, Holstein [32] has recently done a reasonably sophisticated analysis of the hadronic atom problem. However, a number of the results in [32] amount to nothing more than a recapitulation of some of the standard results of quantum defect theory.
The quantum defect, long used in atomic physics, does have a number of advantages over the conventional approaches used in nuclear physics. The quantum defect is the natural parameter with which to characterize the size of the energy shift and gives an intuitive estimate of the relative contributions of the hadronic and Coulomb interactions to the energy. Quantum defect theory is relatively easy to apply; one merely has to compute a complex square root. The Deser-Trueman approach, reliant as it is on a power series in a s /B, becomes more tedious to apply as the scattering length becomes larger and more terms need to be included (although these problems may be alleviated by the use of the all-order Trueman formula). Finally, there is a vast amount of theoretical technology [13] that can be readily applied almost without modification to the hadronic atom problem. This includes multi-channel versions of quantum defect theory [12, 13, 20] and relativistic versions as well [33, 34] . This additional level of sophistication is likely to become more important when higher-precision data becomes available, or alternatively for studying systems that are more strongly perturbed by hadronic interactions.
One of the aims of this paper is to make these more sophisticated methods of analysis widely available. Therefore, the FORTRAN (77) program used for the present computations has been made available on the internet. The program can be downloaded from the internet home page of one of the authors (Mitroy J, Atomic Physics at the NTU, http://lacebark.ntu.ecu.au/j mitroy/research/atomic.htm).
